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Abstract 

Covering a convex body by its homothets is a classical notion in discrete geometry that has resulted in 
a number of interesting and long-standing problems. Swanepoel introduced the covering parameter of a 
convex body as a means of quantifying its covering properties. In this paper, we introduce two relatives of 
the covering parameter called covering index and weak covering index, which upper bound well-studied 
quantities like the illumination number, the illumination parameter and the covering parameter of a 
convex body. Intuitively, the two indices measure how well a convex body can be covered by a relatively 
small number of homothets having the same relatively small homothety ratio. We show that the covering 
index is a lower semicontinuous functional on the Banach-Mazur space of convex bodies. We further show 
that the affine d-cubes minimize covering index in any dimension d, while circular disks maximize it in the 
plane. Furthermore, the covering index satisfies a nice compatibility with the operations of direct vector 
sum and vector sum. In fact, we obtain an exact formula for the covering index of a direct vector sum 
of convex bodies that works in infinitely many instances. This together with a minimization property 
can be used to determine the covering index of infinitely many convex bodies. As the name suggests, 
the weak covering index loses some of the important properties of the covering index. Finally, we obtain 
upper bounds on the covering and weak covering index. 

Keywords and phrases: convex body, Hadwiger Covering Conjecture, Boltyanski-Hadwiger Illumination 
Conjecture, covering index, covering parameter, illumination number, illumination parameter. 
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1 Introduction 

Let E d denote the d-dimensional Euclidean space with origin o. A d-dimensional convex body K is a compact 
convex subset of E d with nonempty interior. We denote the d-dimensional volume of K by vol(/\). Moreover, 
I\ is o-symmetric if I\ = —K. The Minkowski sum or simply the vector sum of two convex bodies K. L C E rf 
is defined by 

K + L = {k + l:keK,lG L}. 

A homothetic copy , or simply a homothet , of AT is a set of the form M = A K + x , where A is a nonzero 
real number and x £ E rf . If A > 0, then M is said to be a positive homothet and if in addition, A < 1, we 
have a smaller positive homothet of K. Let C d denote a d-dimensional cube, B d a d-dimensional ball, A d a 
d-simplex and i a line segment (or more precisely, an affine image of any of these convex bodies). We use 
the symbol KL d for the metric space of d-dimensional convex bodies under the (multiplicative) Banach-Mazur 
distance dsM{-, ■)• That is, for any K,L £ IC d , 

cIbm(K , L) = inf {<5 > 1 : L — b C T(K — a) C 5(L — b) 7 a £ K, b £ L} , 

where the infimum is taken over all invertible linear operators T : E d —¥ E d [28]. 

The famous Hadwiger Covering Conjecture [Util HI] - also called the Levi-Hadwiger Conjecture or 
the Gohberg-Markus-Hadwiger Conjecture - states that any K £ KL d can be covered by 2 d of its smaller 
positive homothetic copies with 2 d homothets needed only if K is an affine d-cube. This conjecture appears 
in several equivalent forms one of which we discuss here. Boltyanski [S] and Hadwiger M introduced two 
notions of illumination of a convex body, the former being ‘ illumination by directions'' while the latter being 


1 


‘'illumination by points'. The two notions are actually equivalent [5] and K is said to be illuminated if all 
points on the boundary of K are illuminated (in either sense). The illumination number I{K ) of K is the 
smallest n for which AT can be illuminated by n points (resp., directions). Furthermore, Boltyanski [6J [7] 
showed that I{K) = n if and only if the smallest number of smaller positive homothets of K that can cover AT 
is n. Thus the Hadwiger Covering Conjecture can be reformulated as the Boltyanski-Hadwiger Illumination 
Conjecture, which states that for any d-dimensional convex body AT we have J(A') < 2 d , and J(A') = 2 d only 
if AT is an affine d-cube. 

Despite the interest in these problems they have only been solved in general in two dimensions or for select 
few classes of convex bodies. We refer to 01311221 for detailed surveys of these and other related problems 
of homothetic covering and illumination. This apparent difficulty has recently led to the introduction of 
quantitative versions of illumination and covering problems. For instance, it can be seen that in the definition 
of illumination number /(AT), the light sources can be taken arbitrarily far from K. However, it seems natural 
to start with a relatively small number of light sources and quantify how far they need to be from AT in order 
to illuminate it. This is the idea behind the illumination parameter ill(A') of an o-symmetric convex body 
AT defined by the first named author [3] as follows. 


ill(AT) = inf ■ 


I bill k : {Pi} illuminates K,p t £ E d 


where \\x\\ K = inf{A > 0 : x £ AA'} is the norm of x £ E d generated by the symmetric convex body K. 
Clearly, I{K) < ill(AT), for o-symmetric convex bodies. Several authors have investigated the illumination 
parameter of o-symmetric convex bodies mmmm, determining exact values in several cases. 

Inspired by the above quantification ideas, Swanepoel |29] introduced the covering parameter of a d- 
dimensional convex body to quantify its covering properties. This is given by 

C(K) = inf j]T(l - A,) -1 : AT C \J(\K + U), 0 < A* < 1, U £ E d j . 

Thus large homothets are penalized in the same way as far away light sources are penalized in the 
definition of illumination parameter. Note here K is not assumed to have any symmetry as the definition 
of covering parameter does not make use of the norm IHI*- In the same paper, Swanepoel obtained the 
following Rogers-type upper bounds on C(K) when d > 2. 


e2 d d(d + l)(lnd + lnlnd + 5) = 0(2 d d 2 lnd), if K is o-symmetric, 

( ) d(d + l)(lnd + lnlnd + 5) = 0(4 d d 3 ^ 2 lnd), otherwise. 


( 1 ) 


He further showed that if K is o-symmetric, then 


ill (AT) < 2C{I\). (2) 

Despite the usefulness of the covering parameter, not much is known about it. For instance, we do not 
know whether C(-) is lower or upper semicontinuous on K. d and the only known exact value is C{C d ) = 2 d+1 . 
The aim of this paper is to come up with a more refined quantification of covering in terms of the covering 
index with the Hadwiger Covering Conjecture as the eventual goal. We show that the covering index possesses 
a number of useful properties such as upper bounding several quantities associated with the covering and 
illumination of convex bodies, lower semicontinuity, compatibility with direct vector sum and Minkowski 
sum, a complete characterization of minimizers and the development of tools to compute its exact values 
for several convex bodies. Furthermore, the covering index gives rise to a number of open problems about 
the homothetic covering behavior of convex bodies in general, and d-dimensional balls and ball-polyhedra 
in particular. In Section [Gj we discuss a variant of the covering index that is perhaps more natural, but 
possesses weaker properties. Finally, in Section[7J we obtain upper bounds on the covering and weak covering 
indices. 
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2 The covering index 


Before formally defining the covering index, we describe two other related ideas 
covering parameter, influence our definition of the covering index. 

Given a positive integer to, Lassak HU introduced the m-covering number of ; 
minimal positive homothety ratio needed to cover A by to homothets. That is, 

{ m 

A > 0 : A C |^J (AA + fj), f, ; £ E d , i = 1,..., to 

i=l 

Lassak showed that the TO-covering number is well-defined and studied the special case to = 4 for planar 
convex bodies. Zong [31] studied : KL d —> K as a functional and proved it to be uniformly continuous 
for all to and d. He did not use the term m-covering number for 7 m (K) and simply referred to it as the 
smallest positive homothety ratio. Obviously, any A £ KL d can be covered by 2 d smaller positive homothets 
if and only if 7 2 <i(A) < 1. Zong used these ideas to propose a possible computer-based approach to attack 
the Hadwiger Covering Conjecture Ell- 

Given convex bodies A, L £ K. d , the covering number of A by L is denoted by N(K , L) and is defined 
as the minimum number of translates of L needed to cover A. Among covering problems, the problem of 
covering the d-dimensional ball by smaller positive homothets has generated a lot of interest. One question 
that has been asked repeatedly is: what is the value of N{B d 1 A B d ) J2Ss :2U? I n particular, the case A = 1/2 
has attracted special attention. Verger-Gaugry m showed that 

N (^B d , ^B d ^j = 0(2 d d 3/2 \nd). 

We can now present the formal definition of covering index. 

Definition 1. Let A be a d-dimensional convex body. We define the covering index of K as 

coin(A) = inf ( - m : 7 ' m (A) < 1/2, to £ n) . 

U-7 m(K) J 

Intuitively, coin (K) measures how K can be covered by a relatively small number of positive homothets 
all corresponding to the same relatively small homothety ratio. We note that coin(A') is an affine invariant 
quantity assigned to K , i.e., if A : E d —> E d is an invertible linear map then coin(A(A')) = coin(/\). 

We have the following relationship. 

Proposition 2.1. For any o-symmetric d-dimensional convex body K, 


that, in addition to the 
a convex body K as the 


I(K) < ill(AT) < 2 C(K) < 2 coin (AT), 


and in general for K £ IC d , 

I(K) < C(K) < coin (A). 

Proposition 2.1 follows immediately from the definition of coin, the relation § and the observation 

TO 


coin(A') = inf 


: 7 m(K) < 1 / 2 , to £ N 


1 - lm{K) 

= inf | ^ ^ : K C [J(AA + fi),0 < A < 1/2, A £ E d ,m £ 

> C(K). 


i =1 


We remark that the inequality ill(A) < 2 coin (A) can also be derived directly by suitably modifying the 
proof of Proposition 1 of Swanepoel |i2f5]. 
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2.1 Why lm {K) < 1/2? 

The reader may be a bit surprised to see the restriction 7 m (K) <1/2. One immediate consequence of this 
restriction is that for any K £ K. d , 


1 


N K, -K) < coin(AT) <2N[K,-K 


1 


( 3 ) 


that is, coin (A - ) = O (N ( K , \K)). Therefore, coin(B d ) (resp. coin(A')) can be used to estimate N ( B d , \B d ) 
(resp. N [K, /A')), which is a quantity of special interest, and vice versa. 

However, there are other more compelling reasons for choosing 1/2 as the threshold. To understand these 
better, we define 


m 


fm{K) = 


1 - 7 m(KY 

+OO, 


if 0 < 7 m (AT) < -, 
if \ < lm{K) < 1- 


Thus coin (A) = inf |/ m (A') : m £ N}. Later in Theorem 3.2 we show that for any AT, L £ K, d and m £ N 
such that 7 m(K) < 1/2 and 7 m (A) < 1 / 2 , 


fm(K)<d BM (K,L)f m (L), 


( 4 ) 


and 


fm(K) > 


(Ibm(K, L) 
2d BM {I< 1 L)-l 


fm(L ), 


( 5 ) 


establishing a strong connection with the Banach-Mazur distance of convex bodies. The proofs of relations 
0 and |5]) make extensive use of homothety ratios to be less than or equal to half. This shows that the 
‘half constraint’ in the definition of covering index results in a quantity with potentially nicer properties. In 
particular, relation Q is important as for each m, it implies Lipschitz continuity of f m on the subspace 


K, d m := {K £ K, d : Jm (K) < 1/2} , 


( 6 ) 


which in turn lea ds t o the continuity properties of coin discussed in Section [3] We remark that from the 
proof of Theorem |5.l| 7 ^ 0 if and only if m > 2 d . 

In Section[ 6 j we demonstrate what happens if we remove the restriction y m (A') < 1/2 from the definition 
of covering index. The resulting quantity, which we call the weak covering index loses some important 
properties satisfied by the covering index. 


3 Continuity 


In this section, we establish some important properties of coin. The first observation, though trivial, helps 
in computing the exact values and upper estimates of coin for several convex bodies. 

Lemma 3.1 (Minimization lemma). Let l < m be positive integers. Then for any d-dimensional convex 
body K the inequality fi{K) > f m (K) implies m < fi(K). 


This shows that the covering index of any convex body can be obtained by calculating a finite mini¬ 
mum, rather than the infimum of an infinite set. In particular, if fi(K) < 00 for some l, then coin(A') = 
min {/ m (AT) : m < fi(K)}. 

The next result summarizes what we know about the continuity of f m and coin. Note that the restriction 
7 m (AT) <1/2 plays a key role throughout the proof. We remark that without this constraint (or a constraint 
of the form ^ m (K) < r, where 0 < r < 1/2), the proof of Theorem 3.2 would not hold. 


Theorem 3.2 (Continuity). Let d be any positive integer. 
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(i) For any K,L G KT^, the relations and jijj) hold. Moreover, equality holds in |^J) if and only if 
dBAt(K, L) = 1, i.e., L is an affine image of K and equality in holds if and only if either d B M{K, L) = 1 
or dsM{K , L) > 1 with 

ry (K) = _ = _ 1 _. 

m dsM(K,L) 2dsM(K,L) 

(ii) The functional f m : K .^ —> R is Lipschitz continuous with as a Lipschitz constant and 

I fm{K) - fm{L) | < dsM(K, L) — 1 < In ( d B M{K , A)), 

for all I \, A € /C^. On t 6 e other hand, f m : IC d —>• R U {+oo} is lower semicontinuous, for all d and m. 

(in) Define Ik = {i ■ 7*(A') < 1/2} = {i : K G JCf}, for any d-dimensional convex body K. If I B Q Ik, for 
some K,L G lC d , then 

coin(AT) < 2dB , M ^( L \, coin(A) < d BM (K, L) coin(A). (7) 

(iv) The functional coin : KL d —► R is lower semicontinuous for all d. 

(v) Define 

K. d * := { K G K d : j m (K) ± 1/2, m G N} . 

Then the functional coin : JC d * —> R is continuous for all d. 

Proof, (i) We first show 
Proposition 3.3. For any K,L G IC d , 


7 m(K)<d B M{K,L) lm {L) ( 8 ) 

j j2 i 

holds and so 7 m is Lipschitz continuous on K, d with ° h ~ d as a Lipschitz constant and 

( 7 m{K) — lm{L)\ < d B M(K, L) — 1 < ——— In (dsiw(A’, L )), 

2 In a 

for all K , L G K. d . 

Proof. Let S > 1 be such that d B M{K,L) < S. Now let a G K, b G L and the invertible linear operator 
T : E d —> E d satisfy L — b C T(K — a) C S(L — 6 ). Moreover, let {XL + Xi : Xi G E d , i = 1,..., to} be a 
homothetic cover of L, having in homothets with homothety ratio A > 0. Then 

T(K - a) C S(L - b) C 6 |^|J(AA + - b)j =6 ^Q(A(A - b) + x t + (A - 1)6)^ 

( m \ m 

(J (A T(K - a) + Xi + (A - 1 ) 6 ) = |J (5XT(K - a) + S Xi + S(X - 1 ) 6 ), 

4=1 / 4=1 

which implies that there is a homothetic cover of T(K — a) having to homothets with homothety ratio S A. 
Hence there is a homothetic cover of K having to homothets with homothety ratio 5 A. This implies that 
7 m(K) < 5lm{L)- Therefore, by taking inf S = d BM (K,L ), we get 7 m (AT) < d BM (K, L)-/ m (L). 

On the other hand, 7 m (AT) < 1, 7 m (A) < 1 and ([ 8 ]) imply in a straightforward way that 

It m(K) - 7m (L )I < d B M(A/ L) - 1 . 

If d B M(K,L) = 1, we have nothing further to prove. Otherwise, recall John’s theorem ([25], page 587) 
implying 1 < A) < d 2 . Thus using the concavity of ln(-) one obtains ■ This 

completes the proof of Proposition |3.3| P 
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We now return to the main proof. To prove Q let A', A G KL d n . If 'y m (K) < 7 m (A), then f m (K) < 
/ m (A) < cIbm{K, L)f m (L), with equality if and only if cIbm{K, A) = 1 . Therefore, we can assume without 
loss of generality that 7 m (/v) > 7 m (A). Note that this together with 7 m (A') < 1/2 and 7 m (A) < 1/2 implies 

7m W - ( 7 m (A ')) 2 > 7 m (A) - ( 7 m (I/)) 2 . (9) 


Thus by using 


/mW - 1 7m(i) < < d BM (K,L), 


fm(L) 1-7 m(K) 7 m(A) 

which gives Q. In addition, equality never holds in this case. Thus equality in Q holds if and only if 
<-1bm(K , A) = 1. 

Now to prove ([5|, we again use (| 8 |. 

77T (Ibm{K, A)(l — 7m(A)) 


/m(*0 = 


1 - 7m W 


> 


1 - 


lm{L) 

(Ibm{K,L) 






with equality if and only if 7 m (A') = d • 


Since 7 m (A) < 1/2, 


1 - 7 m (A) 


> 


dsM(A', A) - 7 m(A) 2 </bm(A/ A) - 1 

with equality if and only if either cIbm(K,L) = 1 or cIbm(K, A) > 1 with 7 m(A) = 1 / 2 . Thus |5]) is satisfied 
and equality holds if and only if either cIbm{ AT, A) = 1 or cIbm(K, A) > 1 with 7 m {K ) = = 


2(1bm(.K,L) ‘ 

(ii) The continuity on is immediate, since is continuous on for all d and m |31j . The Lipschitz 
continuity follows from Q in the same way as in Proposition 3.3 


For the lower semicontinuity on KL d , we consider two cases. 

Case 1: f m (K) = with 0 < 'y m (K) < \. 

We need to show that for every e > 0, there exists <5 > 0, such that f m (K') > f m {K) — e, for all K ' with 
1 < d B M{K, A'') <1 + 5. Our proof of this claim is indirect: 

Assume that there exist eo > 0, 8 \ > 62 > • • • > S n > ■ ■ ■ > 0 with limn^+oo S n = 0, and Ad, Ad,..., 
K n ,... GlC d such that f m {K n ) < / m (AT) - e 0 , where 1 < d BM (A', A/,.) < 1 + 5 n , n = 1,2,.... Here 


fm(K n ) = 


m 


< 


m 


l-lm{K n ) 1-7 m(K) 


— e 0 — fm (A ) — Co, 


implying that 


7m (Ad > 1 - 


m 


1-7 m(K) 


- eo 


+ 7m(A n ) + 0. 


( 10 ) 


As lim n — ^_(_oo d B a/ (A*, A/, j 1 and 7 m • A 


d 


is continuous, therefore, limn^+oo j m (K n ) = 7 m (K ), 


which together with (10) implies 7 m (A') > 7 m (AT), a contradiction. 

Case 2: f m (K) = + 00 , with \ < 7 m(AT) < 1. 

Here we need to show that for any Ad, Ad,..., Ad,... G KL d with lim rl ^ +oc <1bm{K , Ad) = 1 we have that 
linin-^+oo /m(Ad) = + 00 . Again, we show this via an indirect argument. First, recall that if / m (Ad) < + 00 , 
then m < f m {K n ) = 1 _ 7 ™ K ) < 2 m with 0 < 7 m(A') < Second, assume that for a subsequence 
Ad x , K i2 K iri ,... G K d with lim„^ +00 d B M (A/ K irl ) = 1 we have 


m m 

lim = lim -—— = -— 

n->+oo n-)-+oo 1 - 7m(A ln ) l-7 m (A) 


< 2m. 
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(Here, we have once again used the continuity of 7 m : K, d —»■ M.) Thus 7 TO (A) < \ implying that 
f m (K) < + 00 , a contradiction. 

(iii) Note that coin(A) = inf{/ m (A') : m £ Ik}- The result then follows from Q and ([5]) and the fact 
that 1^ C I k . 


(iv) Let K £ K d and h = 2 d+1 I ( 2 d d ) d — \ I d(lnd + lnlnd + 5). From the proof of Lemma 


Corollary 7.3 coin(A') = min|/ m (A) : m < h}. In fact, by referring to the volumetric arguments 

coin(A) = min{/ m (A') : 2 d <m< /i}. Thus coin : KL d 


3.1 


and 


5.1 


used in 
is the pointwise 


U {+ 00 }, 2 d < m < h, defined 


the proof of Theorem 

minimum of finitely many lower semicontinuous functions f m : K. d 

on the metric space KL d . Since the minimum of finitely many lower semicontinuous functions defined on a 
metric space is lower semicontinuous, the result follows. 

(v) It remains to establish the upper semicontinuity. Let ( K n ) ne ^ be a sequence in KL d * converging to 
K £ JC d * . We prove that limsupcoin(A„) < coin(A'). It suffices to show that for sufficiently large n £ N, 
Ik C Ik u as, from (iii), this would imply coin(A'„) < 4 m(^’i A n ) coin(A'). 

Let m £ Ik , that is 7 TO (A) < 1/2, as A £ K, d * . Also note that since K n £ IC d *, either 7 m (A'„) > 1/2 or 
7 m(K n ) < 1/2- Relation (| 8 j) now gives 


Jm{Kn) — d-BM (-^, A n )7m(AT), 

for any n £ N. By choosing n sufficiently large we can ensure that 7 TO (A n ) < 1/2 and so m £ Ik „ 


□ 


We observe that B 3 £ K, 3 * (cf. Remark 5.4), so /C 3 * is nonempty. 


The lower semicontinuity of coin leads to some interesting consequences. On the one hand, it shows 
that there exists a d-dimensional convex body M such that coin(M) = inf jcoin(A') : K £ KL d }, for all d. 
Thus there exists a minimizer of coin over all d-dimensional convex bodies, for all d. On the other hand, 
although lower semicontinuity does not guarantee the existence of a coin-maximizer, it does show that 
sup {coin(A') : K £ JC d } = sup {coin(P) : P £ V d }, where V d denotes the set of all d-dimensional convex 
polytopes, which is known to be dense in KL d . Therefore, in trying to compute the supremum of coin one can 
restrict to the class of polytopes. This is not true for the illumination number, which is known to be upper 
semicontinuos (see [5], pp. 23-24) but is not lower semicontinuous. 

We do not know whether coin is continuous on KL d or not. The argument used to prove the upper 
semicontinuity of coin on 1C d * does not seem to work in general. We, therefore, propose the following 
problem. 

Problem 1. Either prove that coin is upper semicontinuous on KL d or construct a counterexample. 

It would be natural to ask whether analogues of inequalities 0 and © hold for coin. The answer 
is negative for both. One can look at the example of a circle Br and a square C 2 . It is well-known 
that d(C 2 ,B 2 ) = \[2 and we will see in Section 0 that coin(H 2 ) = 14 and coin(C 2 ) = 8 . But then 
coin(P 2 ) > v / 2 coin(C 2 ) and coin(C 2 ) < coin(H 2 ). 


4 Compatibility with vector sums 

For the sake of brevity, we write N\(K) instead of N(K, \K) : for any d-dimensional convex body K and 
0 < A < 1. Clearly, N^K) = 1, 

N lm{K) (K)<m (11) 

and 

7 Nx(k) (K)<\. ( 12 ) 

Moreover, either inequality can be strict. To see that © can be strict, consider the example of an affine 
regular convex hexagon H. Lassak m proved that 77(A) = 1/2 holds for any o-symmetric planar convex 
body A. Thus 77(A) = 1/2. On the other hand, from Figure[l]and the monotonicity of j m (K) in m [3T| it 
follows that 1/2 = 77(A) < 76(A) < 1/2. Thus 76(A) = 1/2 and N .= Ni/ 2 {H) < 6 . 
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Figure 1: Covering H by six homothets with homothety ratio 


To see that ( |I2| ) can be strict, note that it is possible to have N\ 1 {K) = N\ 2 (K), for some Ai < A 2 . For 
instance, N 1 / 2 (C = N\(C d ) = 2 d , for any 1/2 < A < 1. Therefore, 7iv x (c d )(C d ) = 72 d (C d ) = 1/2 < A, for 
any 1/2 < A < 1. We use these ideas in the remainder of this section. 

We now present some results showing that coin behaves very nicely with certain binary operations of 
convex bodies. The first five concern direct vector sums and will be used extensively in computing the 
exact values and estimates of coin for higher dimensional convex bodies from the covering indices of lower 
dimensional convex bodies. To state these results, we introduce the notion of tightly covered convex bodies. 

Definition 2. We say that a convex body K G IC d is tightly covered if for any 0 < A < 1, K contains N\(I\) 
points no two of which belong to the same homothet of K with homothety ratio A. 

For instance, £ G K. 1 is tightly covered since for any 0 < A < 1, the line segment l contains N\(£) = [A” 1 ] 
points, no two of which can be covered by the same homothet of the form X£ + t, t G E 1 . Later we will see 
that for any d > 2, the d-dimensional cube C d is also tightly covered. Furthermore, not all convex bodies 
are tightly covered as will be seen through the example of the circle B 2 . 

Theorem 4.1. Let E d = Li © • ■ ■ © L„ be a decomposition of E d into the direct vector sum of its linear 
subspaces Lj and let Ki C Lj be convex bodies such that coin(Aj) = / m; (Aj), i = 1 ,...,n, and T = 
max{ 7 m; (AA) : 1 < i <n}. If some n — 1 of the K[s are tightly covered, then 


max{coin(A'j) : 1 < i < n} < 

con^AA © • • • © K n ) = inf 


mu Nxm 


< 


1 — A 

n;u N r (iu) 

l-r 


<f[ C oin(K t ) 


l-r 


i —1 


(13) 


where Ki © • • • © K n stands for the direct sum of the convex bodies I\\ C Li,. .., K n C L n . Moreover, the 
first two upper bounds in \13\ ) are tight. 

Proof. First, we prove the lower bound for coin(Ad © • ■ ■ © K n ). Let : E d —>• Lj denote the projection of 

E d onto L,; parallel to the linear subspace Li © ■ ■ • ©Lj_i ©L; + i © • • • ©L„, i = 1,..., n. Let {XI\ +Xj : Xj G 
E d ,j = 1,..., to} be a homothetic covering of AT = K\ © • • • © K n C E d with homothety ratio 0 < A < 1/2. 
As {Pl,. (XK + Xj) = XKi + P L . (xj) : Xj G E d ,j = 1,..., m} is a homothetic covering of A/ with homothety 
ratio A in Lj, 1 < i < n, the lower bound follows. 

Second, we prove the formula and the upper bounds on coin(AA © • • • © K n ). 















Proposition 4.2. If some n — 1 of the K[s are tightly covered, then for all 0 < A < 1, 

n 

N\(K\ © ■ ■ • © K n ) = I] (Ki). (14) 

i —1 

Proof. Let iV* = N\(Ki), i = 1 ,n, and let {XK i +tij i : tij i G = 1,..., Ni} be a homothetic covering 
of Ki with homothety ratio A in Lj, for i = 1 ,,n. 

Clearly, 


{(AAi + tiji) © • ■ ■ © (A K n + t n jj) : £ L,;, i — 1,..., n,ji — 1,..., Ni} 

= {A (A'i © ■ ■ • © K n ) + tij 1 + • • • + t n j n : i = 1,... ,n,ji = 1,..., Ni} 


is a homothetic covering of Ad © • • • © K n with homothety ratio A in E d having cardinality IDLi ^i- Thus 
N\(Ki © • • • © K n ) < nr=i N \{Ki). 

Next, let C = {A (A'i © • • • © K n ) + tj : tj G E d ,j = 1,..., N} be a minimal cardinality homothetic cover¬ 
ing of ATi©- • • © K n with homothety ratio A in E d . Let us assume without loss of generality that A'i,..., A'„_i 
are tightly covered. So, for i = 1,..., n — 1 and j % = 1,..., N\{Kf), there exist points Xij, G Ki such that 
for any fixed i and 1 < ji ^ j[ < N\(Kf), Xij t and x, f cannot both be contained in a homothet of Ki 
with homothety ratio A. Therefore, no homothet in C intersects any two of the N\(Ki) cross sections 
x\j 1 + • • • + x n -ij rl _ 1 + K n of ATi © • • • © I\ n . In order to cover each such cross section, we require at least 
N\(K n ) homothets from C. Thus N\(Kj © • • • © A'„) = N > Y\a=\ N\(Ki). □ 


Hence, for any 0 < A < 1, 


Thus, 


Nxjiu © • • • © K n ) = nr = i (Kj) 

1 — A 1 — A 


coin(A'i © • • 


i K n ) = inf 

toGN 


= inf 


= inf 


m 


1 © 71(^1 © * * ■ © K n 

N \(ATi © • • • © K n ) 


• r 7m (Al © * 1 


Kn) < 2 , 


1 - A 

n tiNx(Ki) 


1 - A 


completing the proof of the equality appearing in (13). 

The upper bounds in (13) now follow from the definition of T and nrii , i = 1,..., n. Moreover, the example 
of d-cubes, considered as direct vector sums of d 1-dimensional line segments, shows that the first two upper 
bounds in (13) are tight (cf. Theorem 5.1). □ 

We have the following immediate corollary of Proposition |4.2[ which shows that d-cubes are tightly 
covered. 


Corollary 4.3. Let E rf = Li © ■ ■ ■ © L„ be a decomposition of E d into the direct vector sum of its linear 
subspaces L,; and let Ki C Lj, i = 1,. .., n, be tightly covered convex bodies. Then K\ © ■ ■ • © K n is tightly 
covered. 


Proof. For any 0 < A < 1, allowing K n to be tightly covered in the proof of Proposition |4.2| yields 
n?=i N\(Ki) = N\(Ki © • • • © K n ) points in the convex body Ad © • • • © K n , no two of which belong 
to the same homothet of A'i © • • • © K n with homothety ratio A. P 


Boltyanski and Martini |8] showed that I{K\ © • • • © K n ) < n” =i I{Kj), but that the equality does not 
hold in general since I(B 2 © B 2 ) = 7 < 9 = (/(B 2 )) 2 . Thus there exists A < 1 such that N\(B 2 © B 2 ) = 7, 
whereas N\(B 2 ) = 3. Hence, relation (14) does not hold and by Proposition 4.2 B 2 is not tightly covered. 
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Although the inequality N\(K] ® • • ■ ® K n ) < -^A (Ki) always holds, the example of B 2 ® B 2 shows 

that the equality (14) is not satisfied in general. We have the following general result on the covering index 
of direct vector sums of convex bodies. 


Corollary 4.4. Let E rf = Li ® ■ ■ ■ ® L„ be a decomposition of E d into the direct vector sum of its linear 
subspaces L, and let K \ C L, be convex bodies such that coin(Aj) = f mi {Ki), i = 1 and T = 

max{ 7 m . (ATj) : 1 < i < n}. Then 


max{coin(A'i) : 1 < i < n} < 


coin(A'i 


' K n ) < inf 


nti Nx(Ki) 

1-A 


< n;u^) < nk^ < j Icoin( ^ ) , 


i-r 


l-r 


(15) 


Moreover, the first three upper bounds in (15) are tight. 

Let 

K C E d ~ k C E d ~ k ® E 1 ® • • • ® E 1 = E d 
' -*-•' 

k 

be a (d— fc)-dimensional convex body and £ C E 1 C E d denote a line segment that can be optimally covered 
(in the sense of coin) by two homothets of homothety ratio 1/2. We say that the d-dimensional convex body 


is a (bounded) k-codimensional cylinder. We have seen that the covering index behaves nicely with direct 
vector sums. We now show that in case of 1-codimensional cylinders it behaves even nicer. 

Corollary 4.5. For any 1-codimensional d-dimensional cylinder K ®l, the first two upper bounds in j 4 
become equalities and 

coin(Af ®t) = AN 1 / 2 (K). 


Proof. First note that since £ is tightly covered, Theorem |4.1| is applicable. From (13), 


coin (K © l) = inf N x( K ) N xW = inf 


A<i 1 - A 


A<i 1 — A 


2 


Suppose for some 0 < A < 1/2, — 1 < 4N 1 / 2 (K). Then 

which is impossible, since, for 0 < A < 1/2, [A -1 ] > 4(1 — A) and N\(K) > N 1 / 2 (K). 
Thus 

coin (A' © £) =4N 1/2 (K). 


□ 


In addition to direct vector sum, coin displays a compatibility with Minkowski sum (or simply vector 


sum) of convex bodies. We note that the upper bounds appearing here are the same as in Corollary 4.4 
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Theorem 4.6. Let the convex body K be the vector sum of the convex bodies K\,... ,K n in E d , i.e., let 
K = A'i + • • • + K n such that coin(A',) = f mi (Ki), i = 1,. .. ,n, and F = max{ 7 mi (/G) : 1 < i < n}. Then 


coin (A') < inf 


KUN^Iu) < nr=i^r(iF,) 


1-A 


i -r 


< 


mil m 

i-r 


< 


][J coin(A’j). 


(16) 


Moreover, equality in (16) does not hold in general. 


Proof. Given homothetic coverings of Aj, i = 1,..., n, with homothety ratio 0 < A < 1/2, one can construct 
a homothetic covering of K = K\ + ■ ■ ■ + K n with the same homothety ratio A in a natural way. The proof 
of the upper bounds follows on the same lines as in Theorem |4.1| and Corollary |4.4| 

Furthermore, to show that equality in ( |16| ) does not hold in general, we consider the example of an affine 
regular convex hexagon H = A 2 + (—A 2 ) and the corresponding triangle A 2 . 

Belousov [I] showed that 7 6 (A 2 ) = 1/2 and 7 m (A 2 ) > 1/2, for 1 < to < 6 . By Lemma 


3.1 


coin(A 2 ) = 

inf{/ m (A 2 ) : 6 < to < 12} < f e ( A 2 ) = 12. But Fudali [IT] determined 7 m (A 2 ), for 7 < to < 15, and routine 
calculations show that the corresponding f' m s satisfy f m ( A 2 ) > 12. Thus coin(A 2 ) = 12. Now, Figure [l] 
shows that H can be covered by 6 half-sized homothets. Thus coin(77) < 12 = coin(A 2 ). Of 

It is, in fact, easy to show that coin(77) = 12. First, observe that any translate of ^H can cover at 
the most one-sixth of the boundary of H. Therefore, 7 m (77) > 1/2, for to = 1,..., 5. Thus, as in the 
case of A 2 , coin(77) = inf}/ m (77) : 6 < to < 12} < 12. If f m (H) < 12, for some 7 < to < 11, then by 
definition of f m (-), 7 m (H) < 12 ~ m , and by the definition of covering, vol (H) > vol (H). Therefore, 

to ( 12 [ 2 m ) 2 > 1) which is impossible for 8 < m < 11. This only leaves the case m = 7, but it is known m 
that (cf. the remarks immediately following ©) 77 ( 77 ) = 1/2 and as a result, /V(77) = 14. We conclude 
that coin(TF) = 12. This kind of ‘volumetric’ argument will remain useful throughout the next section in 
determining covering index values for convex bodies. Also Lemma |3.1| plays an important role, reducing the 
problem to finding the minimum of a finite set. 


We now present an application of Theorem 4.6 to the difference body K — K = I\ + (-K) of a convex 
body K. The result is quite useful for non-symmetric convex bodies. Once again, from the example of an 
affine regular convex hexagon and a triangle we note that equality does not hold in general. 


Corollary 4.7. If K is any d-dimensional convex body, such that coin(/\) = / m (AT). Then 


coin(A' — K) < 


(N Jm{K) (K)Y 


< 


m 


< (coin(A')) 2 . 


(17) 


1-7 m{K) -1-7 m{K) 

Moreover, equality in 0 does not hold in general. 

Since the upper bounds given in relations (16) and match the upper bounds in (l5| ), it is natural to 
ask if the same is true for the lower bounds. However, the arguments used in the proof of Theorem |4 .1 1 and 
Theorem |4.6| do not seem to settle this question. 

Problem 2. Let Ki ,..., K n be d-dimensional convex bodies, for some d > 2. Then prove (disprove) that 


max{coin(7Fj) : i = 1,..., n} < coin(ATi + • • • + K n ). 
If this does not hold, one can try proving the following weaker lower bound. 

min{coin(A'j) : i = 1,..., n} < cou^iG + • • • + K n ). 


(18) 


(19) 


The example of a triangle and a hexagon considered above indicates that either lower bound, if it holds, 


would be tight. The conjectured relations (18) and (19) both lead to interesting consequences, which we 
discuss below. 
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If the weaker result © is satisfied, combining it with Corollary |4.7| would give coin(A) < coin(A — K). 
This would show that for any convex body K , the o-symmetric convex body K — K has a covering index at 
least as large as coin(A). This, in turn, would imply that in computing the supremum of coin(A) over all 
d-dimensional convex bodies one could restrict to the class of o-symmetric convex polytopes. 

If the stronger result (181 holds, we would be able to say even more. It is known that any nonempty 
intersection of translates of B d is a Minkowski summand of B d (see [25], Theorem 3.2.5). This includes the 
class of all d-dimensional ball-polyhedra [J, which are nonempty intersections of finitely many translates of 
B d . Result (18) would imply that coin(B d ) upper bounds the covering indices of ball-polyhedra, or more 
generally of nonempty intersections of translates of B d . 


5 Extremal bodies 

The aim of this section is to characterize the convex bodies that maximize or minimize the covering index 
among all d-dimensional convex bodies. In addition, we compute exact values and estimates of the covering 
index for a number of convex bodies. 

Since coin is a lower semicontinuous functional defined on the compact space K. d , it is guaranteed to 
achieve its infimum over JC d , that is, there exists M £ K, d such that coin(Af) = inf { coin(A) : I\ £ KL d }. 
We have the following assertion about the minimizers of coin. 

Theorem 5.1. Let d be any positive integer and K £ IC d . Then coin (C d ) = 2 d+1 < coin(A') and thus 
(affine) d-cubes minimize the covering index in all dimensions. 

Proof. Clearly, C d can be covered by 2 d homothets of homothety ratio 1/2, and cannot be covered by fewer 
homothets. Therefore, coin(C' d ) < / 2 d(C' d ) = 2 d+1 . Let p be a positive integer. If there exists a homothetic 
covering of C d by m = 2 d + p homothets giving f m (,C d ) < 2 d+1 , then 

ir<d\ P 

7m(C ) < 2 2d+1 . 


However, 


mvol( 7m (C d )C d ) = m r y rn (C d ) d vol(C d ) < (2 d +p) 


d 


p 


2 d +i 


vol (C d ) < vol (C d ), 


a contradiction, showing that coin(C d ) = 2 d+1 . 

Now consider an arbitrary d-dimensional convex body K. By repeating the above calculations for K we 
see that for m > 2 d , f m (K ) cannot be smaller than 2 d+1 . A similar volumetric argument shows that K 
cannot be covered by 2 d homothets having homothety ratio less than 1/2. Likewise, it is impossible to cover 
K by fewer than 2 d homothets if the homothety ratio does not exceed 1/2. Thus coin(A') > 2 d+1 . □ 

It is known that C(C d ) = 2 d+1 [25/ Thus coin(C d ) = C{C d ). Do affine d-cubes also minimize the 
covering parameter? The answer is negative in general and open for d = 2,3. An affine regular d-simplex 
A d can be covered by d-|- 1 homothetic copies each with homothety ratio d/(d + 1). Thus C( A d ) < (d+ l) 2 , 
which is less than C(C d ) for d > 3. The question which convex bodies minimize (or maximize) the covering 
parameter is wide open, even in the plane. Restricting the homothety ratio to not exceed half plays a crucial 
role in determining the optimizers of the covering index. 

The case of coin-maximizers is more involved. Indeed, since we have not established the upper semi¬ 
continuity of coin, it may be the case that for some d, sup {coin(A) : K £ K . d } is not achieved by any 
d-dimensional convex body. However, this is not the case for d = 2. 

Theorem 5.2. If K is a planar convex body then coin(A") < coin(13 2 ) = 14. 
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Proof. First, we show that coin(B 2 ) = 14. It is rather trivial that 71 (B 2 ) = 72 {B 2 ) = 1, 73 (B 2 ) = 
V3/2 = 0.866..., and 7 4 (B 2 ) = l/y/2 = 0.707.... Hence, /i(H 2 ) = f 2 (B 2 ) = f 3 (B 2 ) = f 4 {B 2 ) = + 00 . 
Moreover, the first named author [2] showed that 75 {B 2 ) = 0.609... and 7 6 (U 2 ) = 0.555..., implying that 
f 3 {B 2 ) = fs{ B 2 ) = + 00 . On the other hand, it is easy to see that 7 t(B 2 ) = 1/2 and therefore fj(B 2 ) = 14. 
Hence Lemma |3. 1 1 implies that coin(H 2 ) = min { f m (B 2 ) : 7 < m < 14}. 

Next, recall G. Fejes Toth’s result [10] according to which 73 (B 2 ) = 0.445 ... and 79 (B 2 ) = 1/(1+ V2) = 
0.414 .... This implies h{B 2 ) = 14.420... > 14 and f 9 (B 2 ) = 15.363 ... > 14. 

We claim that f m (B 2 ) > 14, for all 10 < m < 14. Suppose for some 10 < m < 14, f m (B 2 ) < 14. In this 
case, we must have 7 m {B 2 ) < 14 ^ m and mvol(j m (B 2 )B 2 ) > vol (B 2 ). This implies m ( 14 1 ^ m ) 2 > 1. But, 
routine calculations show that the latter inequality fails to hold for all 10 < m < 13. Thus coin (B 2 ) = 14. 

Levi m showed that any planar convex body K can be covered by 7 homothets of homothety ratio 1/2. 
Thus coin (id) < 14, proving that circle maximizes the covering index in the plane. □ 

Although the question of maximizers is open in general, we can use Corollary |4.5| and Theorem |5.2| to 
determine the maximizer among 1-codimensional cylinders in /C 3 . In addition, we determine the covering 
indices of several 1 -codimensional cylinders. 


Corollary 5.3. We have the following: 

(i) coin(A 2 © £) = 24. 

(ii) coin(L7 © €) = 24. 

(in) coin (B 2 © £) = 28. 

(iv) If I\ © t is a 1-codimensional cylinder in K. 3 , then coin(A' 1 
among 3-dimensional 1-codimensional cylinders. 


1 1) < 28, that is B 2 © I maximizes coin 


Proof. The assertions (i)-(iii) follow immediately from Corollary 4.5 and the values of coin(A 2 ), coin(TL) and 
coin(H 2 ) determined earlier. For (iv), recall that [19] for a planar convex body K , maxA r 1 / 2 (AT) = 7. 


□ 


We remark that the process can be continued in higher dimensions to obtain exact values or estimates of 
the covering index of convex bodies that are vector sums or direct vector sums of lower dimensional convex 
bodies. 


K 

m 

7 m(K) 

coin(A') 

I 

2 

1/2 

4 

H 

6 

1/2 

12 

A 2 

6 

1/2 

12 

B 2 

7 

1/2 

14 

B 3 

> 21 

< 0.49439 < 41.53398... 

B d 

0(2 d d 3 / 2 In d) < 1/2 

0{2 d d 3 / 2 In d) 

C d 

2 d 

1/2 

2 d +i 

H®£ 

12 

1/2 

24 

A 2 ©f 

12 

1/2 

24 

B 2 ®£ 

14 

1/2 

28 


Table 1: Known values (or estimates) of coin. The table can be extended indefinitely by including values 
(or estimates) of coin (id © L) and by including upper bounds on coin(A' + A), for any convex bodies K and 
L appearing in the table. 

So far, we have computed covering index mostly for planar convex bodies. Since in higher dimensions 
very little is known about 7 m (K ), it is a lot harder to determine exact values of coin. In some cases it is 
possible to derive upper bounds. For instance, we make the following observation for d-dimensional balls. 
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Figure 2: A covering of B 3 by 21 homothets of homothety ratio 0.49439. One liomothet is centered at the 
center of B 3 , while the centers of the other 20 homothets lie at a distance of 0.8595 from the center of B 3 
(see Remark 5.4). 


Remark 5.4. Recently, O’Rourke 1231/ raised the question as to what is the minimum number of homothets 
of homothety ratio 1 /2 needed to cover B 3 . Using spherical cap coverings, Wynn 123) showed this number 
to be 21. Thus Ni/ 2 (B 3 ) = 21. In fact, Wynn also demonstrated that if the homothety ratio is decreased 
to 0.49439, we can still cover B 3 by 21 homothets. Figure [d| illustrates such a covering. (On request one 
can obtain the Mathematica code to generate this covering from the second named author.) Therefore, 
coin (B 3 ) < f 2 i(B 3 ) < 41.5339886473764. Moreover, by applying Corollary f.5. coin(R 3 ® I) = 84. 

In general, Verger-Gaugry JW0 1 showed that in any dimension d > 2 one can cover a ball of radius 
1/2 < r < 1 with 0((2r) d_ 1 d 3 / 2 In d) balls of radius 1/2. Substituting r = 1 and performing the standard 
covering index calculations shows that coin (B d ) = 0(2 d d 3 ^ 2 lnd). 

The above remark is interesting for three different reasons. First, we observed that for B 2 , C 2 and A 2 , 
the value of covering index is associated with the homothety ratio 1/2. Theorem |5.4| provides us an example, 
namely B 3 , where covering index is associated with a homothety ratio strictly less than 1/2. Thus half-sized 
homothets do not always correspond to the covering index values. Second, Remark |5.4| provides another 
example of a situation when inequality (12) is strict, as 7 n 1 / 2 (b 3 )(B 3 ) = 721 (B 3 ) < 1/2. Finally, since B 2 
maximizes the covering index in the plane, it can be asked if the same is true for B d in higher dimensions. 

Problem 3. For any d-dimensional convex body K , prove or disprove that coin(R) < coin (B d ) holds. 

An affirmative answer to Problem [ 3 ] would considerably improve the known general (Rogers-type) upper 
bound on the illumination number. It is known (e.g., see 0) that for any d-dimensional convex body K, in 
general 

I(K) < ( f ) d(ln d + In In d + 5) = 0{4 d Vd\nd), (20) 


( 21 ) 


and if, in addition, K is o-symmetric, then 


I(K) < 2 d ci(ln d + In In d + 5) = 0(2 d dlnd). 


If B d maximizes the co ver ing index, then the general asymptotic bound in (20) would improve to within 
a factor \fd of the bound (21) in the o-symmetric case. 


We conclude by listing some of the known values (or estimates) of the covering index. We remark that 
Table 1 can be continued indefinitely by using the operations of direct vector addition and the Minkowski 
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addition, resulting in infinitely many convex bodies for which we know exact values of coin, and infinitely 
many convex bodies for which we can estimate coin. 


6 The weak covering index 


In this section, we introduce a variant of the covering index, which we call the weak covering index. 
Definition 3. Let K be a d-dimensional convex body. We define the weak covering index of K as 


Let us define 


coin w (A') = inf 


m 

1 - 7m (A') 


: 7 m(AT) < 1 ,m£ 



9m{K) 


m 

l-7m(AT 

+ 00 , 


if 0 < 7 m{K) < 1, 
if lm{K) = 1- 


Then coin w (/\) = inf {g m (K) : m £ N}. 

Some properties of the weak covering index naturally mirror the corresponding properties of the covering 
index. These include Proposition |2.1[ Lemma |3.1[ Theorem |4.1[ Corollary |4.4| and Theorem |4.6[ The 
corresponding statements can be obtained by replacing coin with coin w and f m by g m throughout. 

However, no suitable analogue of Corollary |4.5| exists for coin w . As a result, we can only estimate the 
weak covering index of 1-codimensional cylinders in Table 2. Also the discussed aspects of continuity of the 
covering index (Section [3]) seem to be lost for the weak covering index. 


K 

m 

7m W 

coin w (A') 

£ 

2 

1/2 

4 

H 

3 

2/3 

9 

A 2 

3 

2/3 

9 

B 2 

5 

0.609... 

12.800... 

C d 

2 d 

1/2 

2 d +i 

A d 

>d+ 1 

— 5+1 

< (d + l) 2 

H®e 

> 6 

< 2/3 

< 18 

A 2 

> 6 

< 2/3 

< 18 

B 2 ®£ 

> io 

< 0.609.. 

. < 25.60... 


Table 2: Known values (or estimates) of coin w (-) together with the corresponding m and 7 m (-)- 


More importantly, the problem of finding the maximizers and minimizers of coin w seems a lot harder 
than the corresponding problem for coin. We only know a minimizer for d = 2. 

Theorem 6.1. Let K £ Kr, then coin W (K) > coin w ((7 2 ) = 8. Thus the (affine) square minimizes the weak 
covering index in the plane. 


Proof. If AT is such that coin w (A') = g m (K) < 8, then from the proof of Theorem 5.1 to < 4. Since any 
convex body in K? requires at least 3 smaller positive homothets to cover it, we only need to consider the 
case to = 3. But Belousov pQ showed that 


mm 73 (/f) = 5 


and so, g% (AT) > 9 > coin w (C 2 ), a contradiction. 


□ 


It is worth noting that for d > 3, the simplex A d gives a smaller value (< (d + l) 2 ) of coin w than the 
d-cube C d . Thus coin w has different minimizers in different dimensions. 
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7 Bounds on the covering indices 

In this section, we obtain upper bounds on the covering and weak covering index in the spirit of Rogers’ 
bounds on covering numbers. The main ingredients include Rogers’ estimate [24] of the infimum 9(K) of the 
covering density of K d by translates of the convex body K , namely, for d > 2, 

9(K) < G?(ln d + In In d + 5), 


the Rogers-Shephard inequality [25] 


vol(/v — K) < 


C?) T ° i<f ° 


on the volume of the difference body, and a well-known result of Rogers and Zong m, which states that for 
d-dimensional convex bodies K and A, d > 2, 


N(K, L) < 


vol (A — L) 
vol(L) 


0(L), 


( 22 ) 


with K — L = K + (—A). 


The above inequalities yield the well-known upper bounds (201 and (21) on the illumination number. In 

(23) 


addition, we mention Lassak’s general upper bound [18] on the illumination number 

I(K) <(d + 1 )d d ~ 1 - (d - 2)(d - l) d ~ : 


which is sharper than (20) for small d, although we do not use it here. 
Theorem 7.1. Given K £ IC d , d > 2 and a real number 0 < A < 1, we have 

(1 + X) d 


, s N X (I<) 
com W (K) < 1 _ ^ < < 


A d (l - A) 
1 


d(lnd + lnlnd + 5), 


if K is o-symmetric, 


A d (l - A) \\dj 


2 d\ l/d _ 


(24) 


1 + A e?(ln d + In In d + 5), otherwise. 


Proof. Consider a minimal cardinality covering of K by homothets A K + ti , for some U £ E d , i = 1,..., 
N\ ( K ). By (221, we have 

JV A (K) < VOl( f,:, AA ' ) e (AJ ■{) = vol(g ,y Ag) 6(K) 


vol (AA') 
vol ( K — XK) 
vol (XK) 


vol (XK) 
d(ln d + In In d + 5). 


(25) 


If K is o-symmetric, then vol(A' — XK) = vol((l + A) A) = vol(AA') and so, (25) implies 

N\ (K) < ^~^~d( In d + In In d + 5) . 


In the general case, applying the Brunn-Minkowski inequality gives 


A" 1 vol(A - Kf/ d = vol ((A -1 A - K) + (-(A" 1 - l)A')) 1/d 
> vol (A _1 A" - K) 1/d + vol((A _1 - l)K)V d 
= A" 1 vol (A - AA') 1/d + (A -1 - 1) vol(A) 1/d , 
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which gives 


vol (A - A K) 1/d < vol(A - K) 1/d - (A -1 - 1)A vo^A') 1 ^. 

By the Rogers-Shephard inequality, we have 

vol (A - AA) 1/d < ' vol(A) 1 ' /d - (1 - A) vol(A) 1/d = A -1 ^ ! - 1 + A^J vDl(AAT) 1 / d . 


Substituting for vol (A — XK) in (25) gives 
N x (A) < A" d 


2 d\ 


1/d 


d) 


— 1 + A] d(lnd + lnlnd + 5). 


Finally, note that clearly coin w (A) < N ^\ ^ ■ The upper bounds in (24) follow. 


□ 


For A = , Theorem 


7.1 


gives the following upper bounds on the weak covering index. 


Corollary 7.2. Let A G K d , d > 2. Then 


' 2 d y/e(d + l)d(ln d + In In c? + 5) = 0(2 d d 2 lnd), 


coin w (A) < < 


i{d + 1) 


2 d\ 
d 


1 /d 


— 1 + ——- I d(ln d + In In d + 5) 


d + 1 


= 0(4 d d 3/2 In d), 


if A is o-symmetric, 


otherwise. 


Finally, in order to determine an upper bound on coin, one only needs to apply (24) with A = 1/2. 

Corollary 7.3. Given A G K. d , d > 2, we have 

3 d (2d)(lnd + lnlnc? + 5) = 0(3 d dlnd), if A is o-symmetric, 

\ d 

i 


coin (A) < 2JV 1/2 (A) < < 


~)d -\-1 


d(ln d + In In d + 5) 

= 0(7 d Vd\nd), otherwise. 
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